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ON PARTITIONS AVOIDING 3-CROSSINGS
MIREILLE BOUSQUET-MÉLOU AND GUOCE XIN
To Xavier Viennot, on the oasion of his 60th birthday
Abstrat. A partition on [n] has a rossing if there exists i1 < i2 < j1 < j2 suh
that i1 and j1 are in the same blok, i2 and j2 are in the same blok, but i1 and
i2 are not in the same blok. Reently, Chen et al. rened this lassial notion by
introduing k-rossings, for any integer k. In this new terminology, a lassial rossing is
a 2-rossing. The number of partitions of [n] avoiding 2-rossings is well-known to be the
nth Catalan number Cn =
(
2n
n
)
/(n+1). This raises the question of ounting k-nonrossing
partitions for k ≥ 3. We prove that the sequene ounting 3-nonrossing partitions is P-
reursive, that is, satises a linear reurrene relation with polynomial oeients. We
give expliitly suh a reursion. However, we onjeture that k-nonrossing partitions are
not P-reursive, for k ≥ 4.
We obtain similar results for partitions avoiding enhaned 3-rossings.
1. Introdution
A partition of [n] := {1, 2, . . . , n} is a olletion of nonempty and mutually disjoint subsets
of [n], alled bloks, whose union is [n]. The number of partitions of [n] is the Bell number
Bn. A well-known renement of Bn is given by the Stirling number (of the seond kind)
S(n, k). It ounts partitions of [n] having exatly k bloks.
Reently another renement of the Bell numbers by rossings and nestings has attrated
some interest [8, 14℄. This renement is based on the standard representation of a partition
P of [n] by a graph, whose vertex set [n] is identied with the points i ≡ (i, 0) on the
plane, for 1 ≤ i ≤ n, and whose edge set onsists of ars onneting the elements that
our onseutively in the same blok (when eah blok is totally ordered). For example, the
standard representation of 1478− 236− 5 is given by the following graph.
1 2 3 4 5 6 7 8
Then rossings and nestings have a natural denition. A k-rossing of P is a olletion of
k edges (i1, j1), (i2, j2), . . . , (ik, jk) suh that i1 < i2 < · · · < ik < j1 < j2 < · · · < jk. This
means a subgraph of P as drawn as follows.
i2i1 ik j1 j2 jk
A dierent notion of k-rossing is obtained by representing eah blok by a omplete graph
[13, p. 85℄. A k-nesting of P is a olletion of k edges (i1, j1), (i2, j2), . . . , (ik, jk) suh that
i1 < i2 < · · · < ik < jk < jk−1 < · · · < j1, as represented below.
Date: January 20, 2006.
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i2i1 ik jk j2 j1
A partition is k-nonrossing if it has no k-rossings, and k-nonnesting if it has no k-nestings.
A variation of k-rossings (nestings), alled enhaned k-rossings (nestings), was also
studied in [8℄. One rst adds a loop to every isolated point in the standard representation
of partitions. Then by allowing ik = j1 in a k-rossing, we get an enhaned k-rossing; in
partiular, a partition avoiding enhaned 2-rossings has parts of size 1 and 2 only. Similarly,
by allowing ik = jk in the denition of a k-nesting, we get an enhaned k-nesting.
Chen et al. gave in [8℄ a bijetion between partitions of [n] and ertain vaillating
tableaux of length 2n. Through this bijetion, a partition is k-nonrossing if and only if the
orresponding tableau has height less than k, and k-nonnesting if the tableau has width less
than k. A simple symmetry on tableaux then entails that k-nonrossing partitions of [n]
are equinumerous with k-nonnesting partitions of [n], for all values of k and n. A seond
bijetion relates partitions to ertain hesitating tableaux, in suh a way the size of the
largest enhaned rossing (nesting) beomes the height (width) of the tableau. This implies
that partitions of [n] avoiding enhaned k-rossings are equinumerous with partitions of [n]
avoiding enhaned k-nestings.
The number C2(n) of 2-nonrossing partitions of [n] (usually alled nonrossing parti-
tions [15, 21℄) is well-known to be the Catalan number Cn =
1
n+1
(
2n
n
)
. For k > 2, the
number of k-nonrossing partitions of [n] is not known, to the extent of our knowledge.
However, for any k, the number of k-nonrossing mathings of [n] (that is, partitions in
whih all bloks have size 2) is known to form a P-reursive sequene, that is, to satisfy
a linear reurrene relation with polynomial oeients [11, 8℄. In this paper, we enumer-
ate 3-nonrossing partitions of [n] (equivalently, 3-nonnesting partitions of [n]). We obtain
for C3(n) a (not so simple) losed form expression (Proposition 7) and a linear reurrene
relation with polynomial oeients.
Proposition 1. The number C3(n) of 3-nonrossing partitions is given by C3 (0) = C3 (1) =
1, and for n ≥ 0,
9n (n+ 3)C3 (n)− 2
(
5n2 + 32n+ 42
)
C3 (n+ 1) + (n+ 7) (n+ 6)C3 (n+ 2) = 0. (1)
Equivalently, the assoiated generating funtion C(t) =∑n≥0 C3(n)tn satises
t2(1− 9t)(1− t) d
2
dt2
C(t) + 2t (5− 27t+ 18t2) d
dt
C(t) + 10 (2− 3t) C(t)− 20 = 0. (2)
Finally, as n goes to innity,
C3(n) ∼ 3
9 · 5
25
√
3
π
9n
n7
.
The rst few values of the sequene C3(n), for n ≥ 0, are
1, 1, 2, 5, 15, 52, 202, 859, 3930, 19095, 97566, . . . .
A standard study [12, 23℄ of the above dierential equation, whih an be done automati-
ally using the Maple pakage DEtools, suggests that C3(n) ∼ κ 9n/n7 for some positive
onstant κ. However, one needs the expliit expression of C3(n) given in Setion 2.5 to
prove this statement and nd the value of κ. The above asymptoti behaviour is onrmed
experimentally by the omputation of the rst values of C3(n) (a few thousand values an be
omputed rapidly using the pakage Gfun of Maple [20℄). For instane, when n = 50000,
then n7C3(n)/9
n ≃ 1694.9, while κ ≃ 1695.6.
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As disussed in the last setion of the paper, the above result might remain isolated,
as there is no (numerial) evidene that the generating funtion of 4-nonrossing partitions
should be P-reursive.
We obtain a similar result for partitions avoiding enhaned 3-rossings (or enhaned 3-
nestings). The number of partitions of [n] avoiding enhaned 2-rossings is easily seen to be
the nth Motzkin number [22, Exerise 6.38℄.
Proposition 2. The number E3(n) of partitions of [n] having no enhaned 3-nonrossing
is given by E3 (0) = E3 (1) = 1, and for n ≥ 0,
8 (n+ 3) (n+ 1)E3 (n) +
(
7n2 + 53n+ 88
)
E3 (n+ 1)− (n+ 8) (n+ 7)E3 (n+ 2) = 0.
Equivalently, the assoiated generating funtion E(t) =∑n≥0E3(n)tn satises
t2 (1 + t) (1− 8t) d
2
dt2
E(t) + 2t (6− 23t− 20t2) d
dt
E(t) + 6 (5− 7t− 4t2) E(t)− 30 = 0.
Finally, as n goes to innity,
E3(n) ∼ 2
16 · 5
33
√
3
π
8n
n7
.
The rst few values of the sequene E3(n), for n ≥ 0, are
1, 1, 2, 5, 15, 51, 191, 772, 3320, 15032, 71084, . . . .
Observe that C3(5) and E3(5) dier by 1: this dierene omes from the partition 135− 24
whih has an enhaned 3-rossing but no 3-rossing (equivalently, from the partition 15 −
24−3 whih has an enhaned 3-nesting but no 3-nesting). Again, the study of the dierential
equation suggests that E3(n) ∼ κ 8nn7 , for some positive onstant κ, but we need the expliit
expression (33) of E3(n) to prove this statement and nd the value of κ. Numerially, we
have found that for n = 50000, n7E3(n)/8
n ≃ 6687.3, while κ ≃ 6691.1.
The starting point of our proof of Proposition 1 is the above mentioned bijetion between
partitions avoiding k+1-rossings and vaillating tableaux of height at most k. As desribed
in [8℄, these tableaux an be easily enoded by ertain k-dimensional lattie walks. Let D
be a subset of Zk. A D-vaillating lattie walk of length n is a sequene of lattie points
p0, p1, . . . , pn in D suh that for all i,
(i) p2i+1 = p2i or p2i+1 = p2i − ej for some oordinate vetor ej = (0, . . . , 0, 1, 0, . . . , 0),
(ii) p2i = p2i−1 or p2i = p2i−1 + ej for some ej .
We will be interested in two dierent domains D of Zk: the domain Qk = N
k
of points with
non-negative integer oordinates and the Weyl hamber (with a slight hange of oordinates)
Wk = { (a1, a2, . . . , ak) ∈ Zk : a1 > a2 > · · · > ak ≥ 0 }. Vaillating walks in Wk are related
to k + 1-nonrossing partitions as follows.
Theorem 3 (Chen et al. [8℄). Let Ck(n) denote the number of k-nonrossing partitions
of [n]. Then Ck+1(n) equals the number of Wk-vaillating lattie walks of length 2n starting
and ending at (k − 1, k − 2, . . . , 0).
The proof of Proposition 1 goes as follows: using the reetion priniple, we rst redue
the enumeration of vaillating walks in the Weyl hamber Wk to that of vaillating walks in
the non-negative domain Qk. This redution is valid for any k. We then fous on the ase
k = 2. We write a funtional equation satised by a 3-variable series that ounts vaillating
walks in Q2. This equation is based on a simple reursive onstrution of the walks. It is
solved using a 2-dimensional version of the so-alled kernel method. This gives the generating
funtion C(t) = ∑C3(n)tn as the onstant term in a ertain algebrai series. We then use
the Lagrange inversion formula to nd an expliit expression of C3(n), and apply the reative
telesoping of [19℄ to obtain the reurrene relation. We nally derive from the expression
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of C3(n) the asymptoti behaviour of these numbers. The proof of Proposition 2, given in
Setion 3, is similar.
2. Partitions with no 3-rossing
2.1. The refletion priniple
Let δ = (k − 1, k − 2, . . . , 0) and let λ and µ be two lattie points in Wk. Denote by
wk(λ, µ, n) (resp. qk(λ, µ, n)) the number of Wk-vaillating (resp. Qk-vaillating) lattie
walks of length n starting at λ and ending at µ. Thus Theorem 3 states that Ck+1(n) equals
wk(δ, δ, 2n). The reetion priniple, in the vein of [10, 24℄, gives the following:
Proposition 4. For any starting and ending points λ and µ in Wk, the number of Wk-
vaillating walks going from λ to µ an be expressed in terms of the number of Qk-vaillating
walks as follows:
wk(λ, µ, n) =
∑
π∈Sk
(−1)πqk(λ, π(µ), n), (3)
where (−1)π is the sign of π and π(µ1, µ2, . . . , µk) = (µπ(1), µπ(2), . . . , µπ(k)).
Proof. Consider the set of hyperplanes H = { xi = xj : 1 ≤ i < j ≤ k }. The reetion
of the point (a1, . . . , ak) with respet to the hyperplane xi = xj is simply obtained by
exhanging the oordinates ai and aj . In partiular, the set of (positive) steps taken by
vaillating walks, being {e1, . . . , ek}, is invariant under suh reetions. The same holds
for the negative steps, and of ourse for the stay step, 0. This implies that reeting a
Qk-vaillating walk with respet to xi = xj gives another Qk-vaillating walk. Note that
this is not true when reeting with respet to xi = 0 (sine ei is transformed into −ei).
Dene a total ordering on H. Take a Qk-vaillating walk w of length n going from λ to
π(µ), and assume it touhes at least one hyperplane in H. Let m be the rst time it touhes
a hyperplane. Let xi = xj be the smallest hyperplane it touhes at time m. Reet all steps
of w after time m aross xi = xj ; the resulting walk w
′
is a Qk-vaillating walk going from
λ to (i, j)(π(µ)), where (i, j) denotes the transposition that exhanges i and j. Moreover,
w′ also (rst) touhes H at time m, and the smallest hyperplane it touhes at this time is
xi = xj .
The above transformation is a sign-reversing involution on the set of Qk-vaillating paths
that go from λ to π(µ), for some permutation π, and hit one of the hyperplanes of H. In
the right-hand side of (3), the ontributions of these walks anel out. One is left with the
walks that stay within the Weyl hamber, and this happens only when π is the identity. The
proposition follows.
This proposition, ombined with Theorem 3, gives the number of (k + 1)-nonrossing
partitions of n as a linear ombination of the numbers qk(δ, π(δ), 2n). Hene, in order to
ount (k + 1)-nonrossing partitions, it sues to nd a formula for qk(δ, µ, 2n), for ertain
ending points µ. This is what we do below for k = 2.
2.2. A funtional equation
Let us speialize Theorem 3 and Proposition 4 to k = 2. This gives
C3(n) = w2((1, 0), (1, 0), 2n)
= q2((1, 0), (1, 0), 2n)− q2((1, 0), (0, 1), 2n). (4)
From now on, a lattie walk always means a Q2-vaillating lattie walk starting at (1, 0),
unless speied otherwise.
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Let ai,j(n) := q2((1, 0), (i, j), n) be the number of lattie walks of length n ending at (i, j).
Let
Fe(x, y; t) =
∑
i,j,n≥0
ai,j(2n)x
iyjt2n
and
Fo(x, y; t) =
∑
i,j,n≥0
ai,j(2n+ 1)x
iyjt2n+1
be respetively the generating funtions of lattie walks of even and odd length. These series
are power series in t with oeients in Q[x, y]. We will often work in a slightly larger
ring, namely the ring Q[x, 1/x, y, 1/y][[t]] of power series in t whose oeients are Laurent
polynomials in x and y.
Now we nd funtional equations for Fe(x, y; t) and Fo(x, y; t). By appending to an even
length walk a west step (−1, 0), or a south step (0,−1), or a stay step (0, 0), we obtain
either an odd length walk (in Q2), or an even length walk ending on the x-axis followed by
a south step, or an even length walk ending on the y-axis followed by a west step. This
orrespondene is easily seen to be a bijetion, and gives the following funtional equation:
Fe(x, y; t)(1 + x¯+ y¯)t = Fo(x, y; t) + y¯tHe(x; t) + x¯tVe(y; t), (5)
where x¯ = 1/x, y¯ = 1/y, and He(x; t) (resp. Ve(y; t)) is the generating funtion of even
lattie walks ending on the x-axis (resp. on the y-axis).
Similarly, by adding to an odd length walk an east step (1, 0), or a north step (0, 1), or a
stay step, we obtain an even length walk of positive length. The above orrespondene is a
bijetion and gives another funtional equation:
Fo(x, y; t)(1 + x+ y)t = Fe(x, y; t)− x. (6)
Solving equations (5) and (6) for Fe(x, y; t) and Fo(x, y; t) gives
Fe(x, y; t) =
x− t2y¯(1 + x+ y)He(x; t)− t2x¯(1 + x+ y)Ve(y; t)
1− t2(1 + x+ y)(1 + x¯+ y¯) ,
Fo(x, y; t) = t
x(1 + x¯+ y¯)− x¯Ve(y; t)− y¯He(x; t)
1− t2(1 + x+ y)(1 + x¯+ y¯) .
Sine we are mostly interested in even length walks ending at (1, 0) and at (0, 1), it sues
to determine the series He(x; t) and Ve(y; t), and hene to solve one of the above funtional
equations. We hoose the one for Fo(x, y; t), whih is simpler.
Proposition 5. The generating funtion Fo(x, y; t) of Q2-vaillating lattie walks of odd
length starting from (1, 0) is related to the generating funtions of even lattie walks of the
same type ending on the x- or y-axis by
K(x, y; t)F (x, y; t) = xy + x2y + x2 − xH(x; t) − yV (y; t), (7)
where Fo(x, y; t) = tF (x, y; t
2), V (y; t) = Ve(y; t
2), H(x; t) = He(x; t
2), and K(x, y; t) is the
kernel of the equation:
K(x, y; t) = xy − t(1 + x+ y)(x+ y + xy). (8)
From now on, we will very often omit the variable t in our notation. For instane, we will
write H(x) instead of H(x; t). Observe that (7) denes F (x, y) uniquely as a series in t with
oeients in Q[x, y]. Indeed, setting y = 0 shows that H(x) = x + t(1 + x)F (x, 0) while
setting x = 0 gives V (y) = t(1 + y)F (0, y).
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2.3. The kernel method
We are going to apply to (7) the obstinate kernel method that has already been used
in [4, 5℄ to solve similar equations. The lassial kernel method onsists in oupling the
variables x and y so as to anel the kernel K(x, y). This gives some missing information
about the series V (y) and H(x) (see for instane [6, 1℄). In its obstinate version, the kernel
method is ombined with a proedure that onstruts and exploits several (related) ouplings
(x, y). This proedure is essentially borrowed from [9℄, where similar funtional equations
our in a probabilisti ontext.
Let us start with the standard kernel method. First x x, and onsider the kernel as a
quadrati polynomial in y. Only one of its roots, denoted Y0 below, is a power series in t:
Y0 =
1− (x¯+ 3 + x)t −
√
(1− (1 + x+ x¯)t)2 − 4t
2 (1 + x¯) t
= (1 + x)t+
(1 + x)(1 + 3x+ x2)
x
t2 + · · ·
The oeients of this series are Laurent polynomials in x, as is easily seen from the equation
Y0 = t(1 + x+ Y0) (1 + (1 + x¯)Y0) . (9)
Setting y = Y0 in (7) gives a valid identity between series of Q[x, x¯][[t]], namely
xH(x) + Y0V (Y0) = xY0 + x
2Y0 + x
2.
The seond root of the kernel is Y1 = x/Y0 = O(t
−1), so that the expression F (x, Y1) is not
well-dened.
Now let (X,Y ) 6= (0, 0) be a pair of Laurent series in t with oeients in a eld K
suh that K(X,Y ) = 0. Reall that K is quadrati in x and y. In partiular, the equation
K(x, Y ) = 0 admits a seond solution X ′. Dene Φ(X,Y ) = (X ′, Y ). Similarly, dene
Ψ(X,Y ) = (X,Y ′), where Y ′ is the seond solution of K(X, y) = 0. Note that Φ and Ψ are
involutions. Moreover, with the kernel given by (8), one has Y ′ = X/Y and X ′ = Y/X . Let
us examine the ation of Φ and Ψ on the pair (x, Y0): we obtain an orbit of ardinality 6
(Figure 1).
(x, Y0)
Φ
ΦΨ
Ψ
Φ Ψ
(x¯Y0, Y0)
(x¯Y0, x¯)
(x, Y1)
(x¯Y1, Y1)
(x¯Y1, x¯)
Figure 1. The orbit of (x, Y0) under the ation of Φ and Ψ.
The 6 pairs of power series given in Figure 1 anel the kernel, and we have framed the
ones that an be legally substituted for (x, y) in the main funtional equation (7). Denoting
Y ≡ Y0, we thus obtain three equations relating the unknown series H(x) and V (y):
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xH(x) + Y V (Y ) = xY + x2Y + x2, (10)
x¯Y H(x¯Y ) + Y V (Y ) = x¯Y 2 + x¯2Y 3 + x¯2Y 2, (11)
x¯Y H(x¯Y ) + x¯V (x¯) = x¯2Y + x¯3Y 2 + x¯2Y 2. (12)
2.4. Positive and negative parts of power series
A simple linear ombination of the above three equations (namely, (10)−(11)+(12)) allows
us to eliminate the terms V (Y ) and H(x¯Y ). We are left with:
xH(x) + x¯V (x¯) = x2 + (x¯2 + x+ x2)Y + (x¯3 − x¯)Y 2 − x¯2Y 3.
Sine xH(x) ontains only positive powers of x and x¯V (x¯) ontains only negative powers of
x, we have haraterized the series H(x) and V (y).
Proposition 6. The series H(x) and V (y) ounting Q2-vaillating walks of even length
starting at (1, 0) and ending on the x-axis and on the y-axis satisfy
xH(x) = PT
x
(
x2 + (x¯2 + x+ x2)Y + (x¯3 − x¯)Y 2 − x¯2Y 3) ,
x¯V (x¯) = NT
x
(
x2 + (x¯2 + x+ x2)Y + (x¯3 − x¯)Y 2 − x¯2Y 3) ,
where the operator PTx (resp. NTx) extrats positive (resp. negative) powers of x in series
of Q[x, x¯][[t]].
One may then go bak to (56) to obtain expressions of the series Fe(x, y; t) and Fo(x, y; t).
However, our main onern in this note is the number C3(n) of 3-nonrossing partitions of
[n]. Going bak to (4), we nd that C3(n) is determined by the following three equations:
C3(n) = q2((1, 0), (1, 0), 2n)− q2((1, 0), (0, 1), 2n),
q2((1, 0), (1, 0), 2n) = [xt
n] H(x) = [x2tn] xH(x),
q2((1, 0), (0, 1), 2n) = [yt
n] V (y) = [x¯2tn] x¯V (x¯).
Using Proposition 6, we obtain the generating funtion C(t) of 3-nonrossing partitions:
C(t) = CT
x
(x¯2 − x2) (x2 + (x¯2 + x+ x2)Y + (x¯3 − x¯)Y 2 − x¯2Y 3) , (13)
where the operator CTx extrats the onstant term in x of series in Q[x, x¯][[t]]. Observe that
Y (x) = xY (x¯). This implies that for all k ∈ N and ℓ ∈ Z,
[xℓ]Y (x)k = [xℓ−k]Y (x¯)k = [xk−ℓ]Y (x)k, that is, CT
x
(x−ℓY k) = CT
x
(xℓ−kY k).
This allows us to rewrite (13) with only six terms:
C(t) = 1 + CT
x
(
(x¯1 − x4)Y + (x¯5 − x¯)Y 2 − (x¯4 − x0)Y 3) .
The above equation says that C(t) is the onstant term of an algebrai funtion. By a very
general theory [16℄, C(t) is D-nite. That is, it satises a linear dierential equation with
polynomial oeients. In the next setion, we show that C(t) satises the equation (2) (or,
equivalently, the P-reurrene (1)). Note that this reurrene an be easily guessed using
the Maple pakage Gfun: indeed, the rst 15 values of C3(n) already yield the orret
reursion.
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2.5. The Lagrange inversion formula and reative telesoping
From now on, several routes lead to the reurrene relation of Proposition 1, depending
on how muh software one is willing to use. We present here the one that we believe to be
the shortest. Starting from (9), the Lagrange inversion formula gives
[tn] CT
x
(xℓY k) =
∑
j∈Z
an(ℓ, k, j) with an(ℓ, k, j) =
k
n
(
n
j
)(
n
j + k
)(
2j + k
j − ℓ
)
. (14)
By onvention, the binomial oeient
(
a
b
)
is zero unless 0 ≤ b ≤ a. Hene for n ≥ 1,
C3(n) =
∑
j∈Z
(
an(−1, 1, j)−an(4, 1, j)+an(−5, 2, j−1)−an(−1, 2, j−1)−an(−4, 3, j−1)+an(0, 3, j−1)
)
.
(15)
Of ourse, we ould replae all ourrenes of j − 1 by j in the above expression, but this
results in a bigger nal formula.
Proposition 7. For n ≥ 1, the number of 3-nonrossing partitions of [n] is
C3(n) =
n∑
j=1
4(n− 1)! n! (2j)!
(j − 1)! j! (j + 1)! (j + 4)! (n− j)! (n− j + 2)!P (j, n)
with
P (j, n) = 24 + 18n+ (5− 13n) j + (11n+ 20) j2 + (10n− 2) j3 + (4n− 11) j4 − 6 j5.
Proof of the reurrene relation of Proposition 1. We nally apply to the above
expression Zeilberger's algorithm for reative telesoping [19, Ch. 6℄ (we used the Maple
pakage Ekhad). This gives a reurrene relation for the sequene C3(n): for n ≥ 2,
9n(n−2)(n−3) (4n2 + 15n+ 17)C3(n−3)−(n−2) (76n4 + 373n3 + 572n2 + 203n− 144)C3(n−2)
+(n+3)
(
44n4 + 189n3 + 227n2 + 30n− 160)C3(n−1) = (n+5)(n+4)(n+3) (4n2 + 7n+ 6)C3(n).
The initial onditions are C3(0) = C3(1) = 1. It is then very simple to hek that the three
term reursion given in Proposition 1 satises also the above four term reursion. This an
be rephrased by saying that (1) is a right fator of the four term reursion obtained via
reative telesoping. More preisely, applying to (1) the operator
(n+ 1)
(
4n2 + 39n+ 98
)− (n+ 6) (4n2 + 31n+ 63)N,
where N is the shift operator replaing n by n + 1, gives the four term reursion (with n
replaed by n+ 3).
It is worth noting that though the sequene {w2((1, 0), (1, 0), 2n) : n ∈ N} satises a
simple reurrene of order 2,Maple tells us the sequenes {q2((1, 0), (1, 0), 2n) : n ∈ N} and
{q2((1, 0), (0, 1), 2n) : n ∈ N} satisfy more ompliated reurrenes of order 3.
2.6. Asymptotis
Finally, we will derive from the expression (15) of C3(n) the asymptoti behaviour of this
sequene, as stated in Proposition 1. For any xed values of k and ℓ, with k ≥ 1, we onsider
the numbers an(ℓ, k, j) dened by (14). For the sake of simpliity, we denote them an(j),
and introdue the numbers
bn(j) =
(
n
j
)(
n
j + k
)(
2j + k
j − ℓ
)
,
so that an(j) = k bn(j)/n. Let Bn =
∑
j bn(j). The sum runs over j ∈ [ℓ+, n − k], where
ℓ+ = max(ℓ, 0). Below, we often onsider j as a real variable running in that interval.
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The number bn(j) is then dened in terms of the Gamma funtion rather than in terms of
fatorials. We will show that Bn admits, for any N , an expansion of the form
Bn = 9
n
(
N∑
i=1
ci
ni
+O(n−N−1)
)
, (16)
where the oeients ci depend on k and ℓ, and explain how to obtain these oeients.
We follow the standards steps for estimating sums of positive terms that are desribed, for
instane, in [2, Setion 3℄. We begin with a unimodality property of the numbers bn(j).
Lemma 8 (Unimodality). For n large enough, the sequene bn(j), for j ∈ [ℓ+, n − k], is
unimodal, and its maximum is reahed in the interval [2n/3− k/2− 1/2, 2n/3− k/2− 1/3].
Proof. One has
qn(j) :=
bn(j)
bn(j + 1)
=
1
(n− j)(n− j − k)
(j + 1)(j + k + 1)
2j + k + 1
(j − ℓ+ 1)(j + k + ℓ+ 1)
2j + k + 2
.
Eah of these three fators is easily seen to be an inreasing funtion of j on the relevant
interval. Moreover, for n large enough, qn(ℓ+) < 1 while qn(n − k − 1) > 1. Let j0 be the
smallest value of j suh that qn(j) ≥ 1. Then bn(j) < bn(j+1) for j < j0 and bn(j) ≥ bn(j+1)
for j ≥ j0. We have thus proved unimodality. Solving qn(x) = 1 for x helps to loate the
mode:
x =
2n
3
− 5 + 6k
12
+O(1/n).
It is then easy to hek that qn(2n/3− k/2− 1/2) < 1 and qn(2n/3− k/2− 1/3) > 1 for n
large enough.
The seond step of the proof redues the range of summation.
Lemma 9 (A smaller range). Let ǫ ∈ (0, 1/6). Then for all m,
Bn =
∑
|j−2n/3|≤n1/2+ǫ
bn(j) + o(9
nn−m).
Proof. Let j = 2n/3± n1/2+ǫ. The Stirling formula gives
bn(j) =
(
3
2
)5/2
9n
(πn)3/2
e−9n
2ǫ/2(1 + o(1)) = o(9nn−m) (17)
for all m (the details of the alulation are given in greater detail below, in the proof of
Lemma 10). Thus by Lemma 8,∑
|j−2n/3|>n1/2+ǫ
bn(j) ≤ n
(
bn(2n/3− n1/2+ǫ) + bn(2n/3 + n1/2+ǫ)
)
= o(9nn−m).
The result follows.
A rst order estimate of bn(j), generalizing (17), sues to obtain, upon summing over
j, an estimate of Bn of the form (16) with N = 1. However, numerous anellations our
when summing the 6 terms an(ℓ, k, j) in the expression (15) of C3(n). This explains why we
have to work out a longer expansion of the numbers bj(n) and Bn.
Lemma 10 (Expansion of bj(n)). Let ǫ ∈ (0, 1/6). Write j = 2n/3+ r with r = s
√
n and
|s| ≤ nǫ. Then for all N ≥ 1,
bn(j) =
(
n
j
)(
n
j + k
)(
2j + k
j − ℓ
)
=
(
3
2
)5/2
9n
(πn)3/2
e−9r
2/(2n)
(
N−1∑
i=0
ci(s)
ni/2
+O(nN(3ǫ−1/2))
)
where ci(s) is a polynomial in k, ℓ and s, of degree 3i in s. Moreover, ci is an even [odd℄
funtion of s if i is even [odd℄. In partiular, c0(s) = 1. This expansion is uniform in s.
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Proof. Note that we simply want to prove the existene of an expansion of the above form.
The oeients an be obtained routinely using (preferably) a omputer algebra system. In
what follows, (ci)i≥0 stands for a sequene of real numbers suh that c0 = 1. The atual
value of ci may hange from one formula to another. Similarly, (ci(s))i≥0 denotes a sequene
of polynomials in s suh that c0(s) = 1, having the parity property stated in the lemma.
We start from the Stirling expansion of the Gamma funtion: for all N ≥ 1,
Γ(n+ 1) = nn
√
2πn e−n
(
N−1∑
i=0
ci
ni
+O(n−N )
)
. (18)
This gives, for j = 2n/3 + r, with r = s
√
n, and for any N ,
Γ(j + 1) = 2jj
√
πn
3
e−j
(
N−1∑
i=0
ci(s)
ni/2
+O(nN(ǫ−1/2))
)
(19)
for some polynomials ci(s) of degree i in s. This estimate is uniform in s. Similarly,
Γ(n− j + 1) = (n− j)n−j
√
2πn
3
ej−n
(
N−1∑
i=0
ci(s)
ni/2
+O(nN(ǫ−1/2))
)
, (20)
for some polynomials ci(s) of degree i in s. Now
log
nn
jj(n− j)n−j = log
3n
2j
− 9r
2
4n
−
∑
i≥2
3i ri+1
i(i+ 1)ni
(
1− (−1/2)i)
= log
3n
2j
− 9r
2
4n
−
N−1∑
i=1
ci(s)
ni/2
+O(n2ǫ+N(ǫ−1/2)),
for some polynomials ci(s) of degree i + 2 in s. Observe that (i + 2)/(i/2) ≤ 6 for i ≥ 1.
Hene
nn
jj(n− j)n−j =
3n
2j
e−9r
2/(4n) exp
(
−
N−1∑
i=1
ci(s)
ni/2
+O(n2ǫ+N(ǫ−1/2))
)
=
3n
2j
e−9r
2/(4n)
(
N−1∑
i=0
ci(s)
ni/2
+O(nN(3ǫ−1/2))
)
, (21)
for polynomials ci(s) of degree 3i in s. Putting together (1821), one obtains, uniformly in
s: (
n
j
)
=
3
2
√
πn
3n
2j
e−9r
2/(4n)
(
N−1∑
i=0
ci(s)
ni/2
+O(nN(3ǫ−1/2))
)
, (22)
for polynomials ci(s) of degree 3i in s.
Similarly, (
n
j + k
)
=
3
2
√
πn
3n
2j+k
e−9r
2/(4n)
(
N−1∑
i=0
ci(s)
ni/2
+O(nN(3ǫ−1/2))
)
, (23)
with the same degree ondition on the polynomials ci(s). Finally,(
2j + k
j − l
)
=
√
3
2πn
22j+k
(
N−1∑
i=0
ci(s)
ni/2
+O(nN(ǫ−1/2))
)
(24)
for polynomials ci(s) of degree i in s. Putting together (2224), we obtain the estimate of
bn(j) given in the lemma.
It remains to sum our estimates of bn(j) for values of j suh that |j − 2n/3| ≤ n1/2+ǫ.
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Proposition 11 (Expansion of Bn). For all N ≥ 1,
Bn =
∑
j
(
n
j
)(
n
j + k
)(
2j + k
j − ℓ
)
=
(
3
2
)5/2
9n
π3/2n
(
N−1∑
i=0
1
ni
∫
R
c2i(s)e
−9s2/2ds+O(n−N )
)
where the polynomials ci(s), depending on k and ℓ, are those of Lemma 10. In partiular, as
c0(s) = 1,
Bn(j) =
33/2
4π
9n
n
(1 + O(1/n)) .
Proof. We start from Lemma 9, and ombine it with the uniform expansion of Lemma 10.
We need to estimate sums of the following type, for i ∈ N:
∑
|j−2n/3|≤n1/2+ǫ
(
j − 2n/3√
n
)i
e−9(j−2n/3)
2/(2n).
Using the Euler-MaLaurin summation formula [18, Eq. (5.62)℄, one obtains, for all m ≥ 1,
1√
n
∑
|j−2n/3|≤n1/2+ǫ
(
j − 2n/3√
n
)i
e−9(j−2n/3)
2/(2n) =
∫
R
sie−9s
2/2ds+ o(n−m).
The above integral vanishes if i is odd, and an be expressed in terms of the Gamma funtion
otherwise. This gives the estimate of Proposition 11, but with a rest of order nN(6ǫ−1).
However, this expansion is valid for all N , and for all ǫ > 0. From this, the rest an be seen
to be of order n−N .
With the strategy desribed above (and Maple...), we have obtained the expansion of
Bn to the order n
−6
. Given that an(j) ≡ an(ℓ, k, j) = k bn(j)/n, this gives the expansion of∑
j an(ℓ, k, j) to the order n
−7
:
∑
j
an(ℓ, k, j) =
33/2
4π
9n
n2
(
5∑
i=0
ci
(4n)i
+O(1/n6)
)
.
The oeients of this expansion are too big to be reported here for generi values of k and
ℓ (apart from c0 = k). We simply give the values of ci for the 6 pairs (ℓ, k) that are involved
in the expression (15) of C3(n):
(ℓ, k) c0 c1 c2 c3 c4 c5
(−1, 1) 1 −7 37 −184 871 −4087 +
(4, 1) 1 −127 8317 −381904 14034391 −444126847 −
(−5, 2) 2 −230 13682 −573416 19338062 −564941270 +
(−1, 2) 2 −38 434 −4136 36302 −305558 −
(−4, 3) 3 −237 9831 −293664 7227813 −157405197 −
(0, 3) 3 −165 4863 −106104 1959573 −32693205 +
Eah pair (ℓ, k) ontributes in the expression of C3(n) with a weight ±1, depending on the
sign indiated on the orresponding line of the above table. One observes that the rst 5
terms anel, whih leaves
C3(n) =
33/2
4π
9n
n2
(
4199040
(4n)5
+O(1/n6)
)
.
This ompletes the proof of Proposition 1.
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2.7. Other starting points
So far, we have foused on the enumeration of Q2-vaillating walks starting at (1, 0).
However, our approah works just as well for other starting points, or for ombinations of
starting points. Let A(x, y) be the generating funtion of starting points. For instane,
A(x, y) = xiyj orresponds to starting at (i, j), while A(x, y) = 1/(1 − x) orresponds to
starting anywhere on the x-axis.
Then a alulation similar to that of Setion 2.2 gives the following funtional equation
K(x, y; t)FA(x, y; t) = (x+ y + xy)A(x, y) − xHA(x; t) − yV A(y; t),
where FA, HA, and V A are the analogues of F , H and V . Speializing A(x, y) to x gives
bak (7). The kernel method of Setion 2.3 now gives
xHA(x) + x¯V A(x¯) =
(x+ Y + xY )A (x, Y )− (x¯Y + Y + x¯Y 2)A (x¯Y, Y ) + (x¯Y + x¯+ x¯2Y )A (x¯Y, x¯) .
Thus if A is a rational funtion (and in partiular if A(x, y) = xiyj), then HA(x), V A(x),
and FA(x, y) are all D-nite.
3. Partitions with no enhaned 3-rossing
Our approah for ounting 3-nonrossing partitions an be easily adapted to the enumera-
tion of partitions avoiding enhaned 3-rossings. As disussed in [8℄, partitions of [n] avoiding
enhaned k + 1-rossings are in bijetion with hesitating tableaux of height at most k. In
turn, these hesitating tableaux are in one-to-one orrespondene with ertain Wk-hesitating
lattie walks. A hesitating lattie walk satises the following walking rules: when pairing
every two steps from the beginning, eah pair of steps has one of the following three types:
i) a stay step followed by an ei step, ii) a −ei step followed by a stay step, iii) an ei step
followed by a −ej step.
Then partitions of [n] avoiding enhaned k+1-rossings are in bijetion withWk-hesitating
walks of length 2n starting and ending at (k−1, . . . , 2, 1, 0). As before, Wk denotes the Weyl
hamber { (a1, a2, . . . , ak) ∈ Zk : a1 > a2 > · · · > ak ≥ 0 }.
For onveniene, all notations we used for vaillating walks will be reyled for hesitating
walks. Thus δ = (k − 1, k − 2, . . . , 0), and for two lattie points λ and µ in Wk, we denote
by wk(λ, µ, n) (resp. qk(λ, µ, n)) the number of Wk-hesitating (resp. Qk-hesitating) lattie
walks of length n starting at λ and ending at µ. A areful investigation shows that the
reetion priniple works for hesitating lattie walks.
Proposition 12. For any starting and ending points λ and µ in Wk, the number of Wk-
hesitating walks going from λ to µ an be expressed in terms of the number of Qk-hesitating
walks as follows:
wk(λ, µ, n) =
∑
π∈Sk
(−1)πqk(λ, π(µ), n),
where (−1)π is the sign of π and π(µ1, µ2, . . . , µk) = (µπ(1), µπ(2), . . . , µπ(k)).
Proof. The key property here is that the set of pairs of steps that are allowed for a hesitating
walk is left invariant when reeting either one, or both steps with respet to the hyperplane
xi = xj . This is learly seen by abbreviating the three types of step pairs as (0,+), (−, 0)
and (+,−), and realling that the above reetion exhanges the ith and jth oordinates
(equivalently, the unit vetors ei and ej). The rest of the argument opies the proof of
Proposition 4.
Let us now fous on the ase k = 2. The onnetion between W2-hesitating walks and
partitions avoiding enhaned 3-rossings entails
E3(n) = w2((1, 0), (1, 0), 2n) = q2((1, 0), (1, 0), 2n)− q2((1, 0), (0, 1), 2n). (25)
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Let us write a funtional equation ounting Q2-hesitating walks that start from (1, 0). Let
ai,j(n) := q2((1, 0), (i, j), 2n) be the number of suh walks having length 2n and ending at
(i, j). Let
F (x, y; t) =
∑
i,j,n
ai,j(2n)x
iyjtn
be the assoiated generating funtion. Then by appending to an (even length) walk an
allowed pair of steps, we obtain the following funtional equation:
(x+ y + x¯+ y¯ + (x+ y)(x¯ + y¯)) tF (x, y; t)
= F (x, y; t)− x+H(x; t)(y¯ + xy¯)t+ V (y; t)(x¯+ x¯y)t,
where H(x; t) (resp. V (y; t)) is the generating funtion of even lattie walks ending on the
x-axis (resp. y-axis). This funtional equation an be rewritten as
K(x, y; t)F (x, y; t) = x2y − x(1 + x)tH(x; t)− y(1 + y)tV (y; t), (26)
where K(x, y; t) is the kernel given by
K(x, y; t) = xy − t(1 + x)(1 + y)(x+ y).
From now on, we will very often omit the variable t in our notation.
Let us now solve (26). First x x, and onsider the kernel as a quadrati polynomial in
y. Only one of its roots, denoted Y below, is a formal series in t:
Y =
1− tx¯(1 + x)2 −
√
(1− tx¯(1 + x)2)2 − 4tx¯(1 + x)2
2 (1 + x¯) t
= O(t).
The oeients of this series are Laurent polynomials in x, as is easily seen from the equation
Y = t(1 + x¯)(1 + Y )(x + Y ). (27)
The seond root of the kernel is Y1 = x/Y = O(t
−1), and the expression F (x, Y1) is not
well-dened.
Observe that the new kernel only diers from (8) by a term txy. Hene, as in the ase of
vaillating walks, the produt of the roots is x, and the kernel is symmetri in x and y. This
implies that the diagram of the roots, obtained by taking iteratively onjugates, is still given
by Figure 1. Again, the 3 pairs of power series that are framed an be legally substituted
for (x, y) in the funtional equation (26). We thus obtain:
x(1 + x)tH(x) + Y (1 + Y )tV (Y ) = x2Y, (28)
x¯Y (1 + x¯Y )tH(x¯Y ) + Y (1 + Y )tV (Y ) = x¯2Y 3, (29)
x¯Y (1 + x¯Y )tH(x¯Y ) + x¯(1 + x¯)tV (x¯) = x¯3Y 2. (30)
Now (28)−(29)+(30) gives
x(1 + x)tH (x) + x¯(1 + x¯)tV (x¯) = x2Y − x¯2Y 3 + x¯3Y 2.
By (27), the series Y/t/(1 + x) is a formal series in t with oeients in Q[x, x¯]. Thus we
an divide the above identity by t(1 + x), and then extrat the positive and negative parts.
Proposition 13. The series H(x) and V (y), whih ount Q2-hesitating walks of even length
ending on the x-axis and on the y-axis, satisfy
xH(x) = PT
x
Y
t(1 + x)
(x2 − x¯2Y 2 + x¯3Y ),
x¯2V (x¯) = NT
x
Y
t(1 + x)
(x2 − x¯2Y 2 + x¯3Y ).
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Let us now return to the number E3(n) of partitions of [n] avoiding enhaned 3-rossings,
given by (25). The generating funtion E(t) of these numbers is:
E(t) = CT
x
Y (x¯2 − x3)
t(1 + x)
(x2 − x¯2Y 2 + x¯3Y ). (31)
Observe that, again, Y (x) = xY (x¯). Therefore, for all k ∈ N and ℓ ∈ Z,
CT
x
(
x¯ℓY k
t(1 + x)
)
= CT
x
(
xℓ−k+1Y k
t(1 + x)
)
.
This allows us to rewrite (31) with only non-negative powers of x:
E(t) = CT
x
Y
t(1 + x)
(
1− x5 − (x2 − x)Y 2 + (x4 − 1)Y ) . (32)
The above equation shows that E(t) is the onstant term of an algebrai funtion. It is
thus D-nite. Let us now ompute a linear dierential equation it satises (equivalently, a
P-reursion for its oeients).
Starting from (27), the Lagrange inversion formula gives
[tn] CT
x
xℓY k
t(1 + x)
=
∑
j∈Z
an(ℓ, k, j) with an(ℓ, k, j) =
k
n+ 1
(
n+ 1
j
)(
n+ 1
j + k
)(
n
j − ℓ
)
.
From (32), we obtain
E3(n) =
∑
j∈Z
(an(0, 1, j)− an(5, 1, j)− an(2, 3, j) + an(1, 3, j) + an(4, 2, j)− an(0, 2, j)) .
(33)
This gives an expliit (but not so simple) expression of E3(n), to whih we apply Zeilberger's
algorithm for reative telesoping. This proves that, for n ≥ 1,
8n (n− 1) (n− 2)E3(n− 3) + 3
(
5n2 + 17n+ 8
)
(n− 1)E3(n− 2)
+ 3 (n+ 1) (2n+ 5) (n+ 4)E3(n− 1)− (n+ 6) (n+ 5) (n+ 4)E3(n) = 0,
with initial ondition E3(0) = 1. It is then straightforward to hek that the sequene dened
in Proposition 2 also satises the above P-reursion. More preisely, applying the operator
(n+ 2) + (n+ 7)N to the reursion of Proposition 2 gives the above four term reursion.
The study of the aymptoti behaviour of E3(n) parallels what we did for C3(n). The
maximum of an(ℓ, k, j) is now reahed for j ∼ n/2 rather than 2n/3. Using the same
notations as in Setion 2.6, we obtain
Bn(j) ∼ 8
n+1
√
3πn
,
but again, numerous anellations our when we sum the 6 required estimates, so as to
obtain the estimate of Proposition 2.
4. Final omments
It is natural to ask whether for any k, the sequene Ck(n) that ounts k-nonrossing
partitions of [n] is P-reursive. Our opinion is that this is unlikely, at least for k = 4. This
is based on the following observations:
(1) We have written a funtional equation for Q3-vaillating walks, with kernel
K(x, y, z; t) = 1− t(1 + x+ y + z)(1 + x¯+ y¯ + z¯).
Using this equation, we have omputed the rst 100 numbers in the sequene C4(n).
This is suient for the Maple pakage Gfun to disover a P-reursion of order 8
with oeients of degree 8, if it exists. But no suh reursion has been found.
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(2) Let us solve the above kernel in z. The two roots Z0 and Z1 are related by
Z0Z1 =
1 + x+ y
1 + x¯+ y¯
. (34)
Sine the kernel is symmetri in x, y and z, the diagram of the roots, obtained by
taking onjugates, is generated by the transformations Φi for i = 1, 2, 3, where
Φ3(x, y, z) =
(
x, y, z¯
1 + x+ y
1 + x¯+ y¯
)
and Φ1 and Φ2 are dened similarly. But these transformations now generate an in-
nite diagram. There exist in the literature a few signs indiating that a nite (resp.
innite) diagram is related to a D-nite (resp. non-D-nite) generating funtion.
First, a number of equations with a nite diagram have been solved, and shown to
have a D-nite solution [3, 4, 5, 17℄. Then, the only problem with an innite diagram
that has been thoroughly studied has been proved to be non-D-nite [7℄. Finally,
the onjetural link between nite diagrams and D-nite series is onrmed by a
systemati numerial study of walks in the quarter plane [17℄.
The above paragraphs an be opied verbatim for W3-hesitating walks and partitions
avoiding enhaned 4-rossings. The kernel is now
K(x, y, z) = 1− t(x+ y + z + x¯+ y¯ + z¯ + (x+ y + z)(x¯+ y¯ + z¯)),
but the roots Z0 and Z1 are still related by (34).
As realled in the introdution, the sequene Mk(n) that ounts k-nonrossing mathings
of [n] (that is, partitions in whih all bloks have size 2) is D-nite for all k. More preisely,
the assoiated exponential generating funtion,
Mk(t) =
∑
n
Mk(n)
t2n
(2n)!
is given by [11℄:
Mk(t) = det (Ii−j(2t)− Ii+j(2t))1≤i,j≤k−1 ,
where
In(2t) =
∑
j≥0
tn+2j
j!(n+ j)!
is the hyperboli Bessel funtion of the rst kind of order n. The existene of suh a losed
form implies that Mk(t) is D-nite [16℄. The speialization to mathings of the bijetion
between partitions and vaillating walks results in a bijetion between k + 1-nonrossing
mathings and osillating tableaux of height at most k, or, equivalently,Wk-osillating walks.
These walks an take any (positive or negative) unit step ±ei, without any parity restrition.
The kernel of the equation ruling the enumeration of suh walks is simply
K(x1, . . . , xk) = 1− t(x1 + · · ·+ xk + x¯1 + · · ·+ x¯k).
The diagram of the roots, generated by the Φi, for 1 ≤ i ≤ k, where Φi(x1, . . . , xk) =
(x1, . . . , xi−1, x¯i, xi+1, . . . , xk), is now nite (the group of transformations Φi being itself iso-
morphi to (Z/2Z)k). This, again, onrms the possible onnetion between nite diagrams
and D-nite series.
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